Abstract. By the use of the Karoubi Tower diagram we generalize the classical invariants of quadratic forms. Similar to Quillen's higher K-theory generalization of the classical K-theory groups, these invariants are an extension of the classical invariants by the use of homotopy theory. The iterated forgetful maps in the Karoubi Tower are KR valued and yield a generalization of the standard (rank, discriminant and total Hasse-Witt) invariants of quadratic forms in two directions. First, we get invariants of all degrees. Second, these invariants are defined for every Hermitian ring. They yield and generalize the Clifford invariant in the case of a field of characteristic different from 2, or in the case of an arithmetic Dedekind domain containing 1 2 .
Introduction
Quadratic forms over a field R have been extensively studied, in particular their classification by the use of invariants. The classical invariants of non-singular symmetric bilinear forms over a field are rank, discriminant, Hasse-Witt and signature invariants [12, 16] . Invariants rank, rank(mod 2), discriminant and Hasse-Witt are K 0 , K 0 /2K 0 , K 1 /K 2 1 and K 2 /2K 2 valued, respectively. We write K i for the ith Ktheory group K i R. These invariants assemble into the Clifford invariant, which is a homomorphism from the Witt ring W (R) into the Brauer-Wall group BW (R). In some special cases, for example in the case of a finite field F p i , in the case of p-adics ‫ޑ‬ p , or in the case of algebraic number fields, the Clifford invariant (together with rank and signatures) classify the quadratic forms (see [16] ). Recall that when 1 2 ∈ R the category of quadratic forms and the category of Hermitian forms over (R, id, 1) are equivalent.
The classical invariants of quadratic forms over a field were generalized in many ways. In particular, one desires to have a general theory of quadratic forms over any commutative ring (see [2, 8] ). For another example of generalized classical invariants see Giffen's K 2 valued Hasse-Witt invariants for (α, )-reflexive forms [4] . In [11] , Milnor defines 'Stiefel-Whitney invariants' of quadratic forms over a field. These invariants are defined by the use of Milnor's K-theory groups and in low degrees Stiefel-Whitney invariants yield the classical invariants of quadratic forms over a field.
Using the Karoubi Tower, we give a construction of invariants of Hermitian forms over any Hermitian ring. Our construction resembles Quillen's generalization of the classical K-theory groups. There is an obvious analogy in defining the classical K-theory groups and the classical invariants of quadratic forms. Quillen's K-theory groups are the homotopy groups of a certain space, whose lower homotopy groups realize the classical K-theory groups. Similarly, our invariants are the maps between the homotopy groups of certain spaces into π * (KR), where in lower dimensions these maps realize the classical invariants. Our invariants (using all degrees) yield the classification of forms over fields and rings for which the inclusion of the K-theory fixed set into the K-theory homotopy fixed set induces an isomorphism on π 0 (compare [5] ). Low degree cases of these invariants generalize the classical invariants of quadratic modules over a field and over (arithmetic) Dedekind domains ( [2, 8] ). In particular, our invariants yield and generalize the Clifford invariant in the case of a field (char = 2) or in the case of an arithmetic Dedekind domain containing 1 2 .
Let (R, α, ) be a Hermitian ring, i.e. R is a ring with unit element 1, α is an anti-involution and is a central element, such that α( ) = 1. Let P(R) be the category of finitely generated projective left R-modules and let H(R, α, ) be the category of Hermitian modules, that is the category of finitely generated projective left R-modules with an (R, α, )-Hermitian form [9] . Let KR and K Herm(R, α, ) be the associated K-theory spaces.
the karoubi tower
For a Hermitian ring (R, α, ) we constructed [9] the Karoubi Tower diagram:
invariants of a hermitian ring
Karoubi Tower generalizes the classical invariants of quadratic forms. The maps π 0 ( n F V n R ) are K n R valued homomorphisms, which yield invariants for every Hermitian ring and for every n 0. These generalizations simplify and under some assumptions agree with the generalizations of Bass and others.
THEOREM. In the case of a local ring R the map π 0 (F R ) is the classical rank map. In the case of a Dedekind domain R which contains 1 2 , the map π 0 (F R ) yields the rank map [8] . In the case of an arithmetic Dedekind domain (or in the case of a field) containing 1 2 , the map π 1 (F V R ) yields the discriminant map and the map π 2 (F V 2 R ) yields the total Hasse-Witt invariant.
Classical Invariants
If G is a group, we write n G to denote the subgroup of elements of order n in G and G/n to denote the group G/nG or G/G n , respectively, for an additive or multiplicative group. The following is a brief dictionary of the classical theory of invariants of quadratic forms over fields:
• Rank: Rank is the dimension of the free module underlying a quadratic form [12] . 
, where Br(R) is the Brauer group [11, 16(12.11) ]. Under the determinant isomorphism There exists a general theory of the classical invariants of quadratic forms over a commutative ring (see [2, 8] [2, 8] ). The image of the Clifford invariant is called the 'Hasse-Wall group' and is denoted by H W (R). It follows from the study of BW (R) (see [8, 10] ) that there exists a filtration of BW (R):
with the following properties:
where Br(R) is the Brauer group of R and Pic(R) is the Picard group of R. Furthermore,
is known as the graded quadratic group of R and is denoted by QU(R). Note also that if R is a field
The Clifford homomorphism and the above filtration of BW (R) induce the filtration of W (R):
where
In the case of a field (char = 2) this filtration coincides with the filtration of the powers of the fundamental ideal, i.e. I i ∼ W i (R) for i = 1, 2, 3, where I is the fundamental ideal in the Witt ring W (R). Also W 1 (R) = W 0 (R).
Generalized Invariants
Let (R, α, ) be a Hermitian ring. Apply π 0 to the Karoubi Tower (see Section 1.1 and [9 (1.5)]). To simplify the notation we write the associate diagram of Abelian groups in the following way:
and W is the cokernel of h 0 . Recall, the diagram from [9(2.3)] and its properties. The map H 0 
Consider the following diagram
where W and W n are the cokernels of h 0 and n • h 0 , respectively and w n is the homomorphism (invariant) induced by the invariant n . The rest of this chapter is mostly devoted to the following theorem: THEOREM 2. Let (R, id, 1) be a Hermitian ring. Remark. The homomorphisms ϕ n are I n /I n+1 valued and in general I n /I n+1 is isomorphic to a subgroup of the quotient group of H n ‫ޚ(‬ 2 , K n ). Namely f n h n is the map 1 + (−1) n τ , where τ is the involution on K n and Im(h n ) ⊂ Ker(α n ). Thus 
(a) If R is a field of characteristic different from 2, then the homomorphism w 2 is equivalent to the Clifford invariant and the group W 2 is isomorphic to the Hasse-Wall group H W (R). (b) If R is an arithmetic Dedekind domain containing
composed with the projection ‫ޚ‬ 2 ⊕ Pic(R)/2 → ‫ޚ‬ 2 is the rank(mod 2) invariant and 0 composed with the projection K 0 ∼ ‫ޚ‬ ⊕ Pic(R) → ‫ޚ‬ is the standard rank map.) (iii) Let (R, id, 1) be a Hermitian ring and assume that R is a Dedekind domain with 2 ∈ R * . The group W 0 is isomorphic to the quotient group BW (R)/BW 1 (R),
composed with the projection ‫ޚ‬ 2 ⊕Pic(R)/2 → ‫ޚ‬ 2 is the rank(mod 2) invariant and 0 composed with the projection K 0 ∼ ‫ޚ‬ ⊕ Pic(R) → ‫ޚ‬ is the standard rank map.) Proof. A detailed proof can be found in [10] . Compare also [7(4.2. 3)], which turns out to be equivalent to the statement (i) above. Now let F be a number field, that is some finite extension of rationals ‫.ޑ‬ Let R be such a ring that O ⊂ R ⊂ F , where O is the ring of (algebraic) integers in F .
Such a ring R is called an arithmetic Dedekind domain. Let ‫ސ‬ be the set of non-zero prime ideals P ⊂ R. Let f P = R/P, that is f P is a finite field of characteristic p, where P is over the ideal (p). Let F P be the P-adic completion of the field F and O P the completion of O P in F P , where O P is the ring of integers in F localized at P. By assumption 1 2 ∈ R and so all the fields f P , for P ∈ ‫,ސ‬ have odd characteristic. Let P ∈ ‫ސ‬ be an ideal over (p) and let 0
be the 'localization sequence' (see for example [15(5.3 .28)] ).
is the group of roots of unity in F P and H is a divisible and torsion free group (see [6(10) ]). One gets the exact 'torsion sequence' 0 → tor(
is the kernel of the surjective map µ( F P ) → f P * and is isomorphic to the p-primary subgroup p i µ( F P ) of µ( F P ) (see [17(14.10) ] or [13(5.8 Cor.)]). Since p = 2 one concludes that µ(
Recall the Karoubi Tower (KT) and especially the following relations:
,
and
LEMMA 6. There exists a natural surjection
Because of the functoriality and since
where j is surjective and thus Im(k) = Im(kj ). Look at the following commutative diagram: 
where the two horizontal sequences are exact and the two isomorphisms induce the desired surjection.
Let (R, id, 1) be a Hermitian ring and assume that R is an arithmetic Dedekind domain containing 1 2 . All the groups which appear in the following theorem are associated to the ring R. 3 , where I is a fundamental ideal, is torsion free, then the quadratic forms over R are classified by dimension, discriminant, Hasse-Witt and signature invariants. If I 3 = {0}, then the quadratic forms are classified by dimension, discriminant and Hasse-Witt invariants. Namely, the kernel of the total signature homomorphism equals to the torsion subgroup of W (see [12] and compare Remark 3).
Finally, in the case when KR is −1 connected (see [9(1.8) ]), the invariants n , or more precisely the induced invariants w n , can be described by the use of equivariant Postnikov tower of the infinite loop space KR. Recall Proof. See [10] .
